where T is the extra-stress tensor, D [u] is the symmetrie part of the velocity gradient, r\ is the elastic viscosity, \ x is the relaxation time, and | m is the retardation time, 0 =s JX< \ l . ~^-is an invariant (frame indifferent) time derivative^ = ^ + (u • V ) T + iW -Wi -a (Dg + iD ) , (1.2) where W is the skew-symmetric part of the velocity gradient and -1 === a =s= 1. The case Û = ± 1, 0 corresponds to the Maxwell models (with retardation time), also called Jeffreys models. Equation (1.1) is coupled with the following équations, given by the balance of momentum and the mcompressibility, V^V.T + ƒ, (1.3) div u -0 ; (1.4) ƒ is some given body force. We shall assume that the retardation time |x is different from zero and décompose T into a viscous stress plus an elastic stress g = l s + Z p > where where the retardation parameter <o is defined by co = 'ïlpAl = 1 -^/\ , 0 < co < 1 .
(1.7)
The " total " stress is thus given by T+2(1-O>)D.
We shall now restrict our study to spécifie one-dimensional motions. For plane shear flow (plane Couette flow) between two parallel planes, we take
u(x t) -(0 v y(x,t)) '
where x = (x,y) dénotes a point of IR System (1.8) can be further reduced to a System of only three équations.
vol. 24, n° 3, 1990 372 C. GUILLOPE, J. C. SAUT This is obvious for a = ± 1, where the équations for a and 7 can be solved at once. When a ^ ± 1, we define the following combinations of a and 7 <* = ^-^or-!±^7, p= (i_ fl )a+ (l+a)7;
and system (1.8) takes the form Re v t -{ (1.12) Equation (1.12) is decoupled and trivial, so we are left with a system of three équations for the three unknowns v, a, T.
For plane Poiseuüle flow we obtain in a similar fashion the system (f 3*0 and xe (-1,1) = /), In what follows, we shall consider only the genuinely nonlinear case where \a\ <: 1.
Let us now describe the content of the paper. In section 2 we review some facts about steady motions. In particular we show that for a suitable range of the parameters, the basic steady Poiseuille flow fails to be C 1 at two points. In section 3, we prove global existence for solutions of the Systems (1.12), (1.9), (1.10) and the Systems (1.13), (1.14), (1.10), for arbitrary time and arbitrary data. Moreover we show that the stresses are uniformly bounded in space and time. (This is also true for the corresponding nonlinear hyperbolic Systems obtained with a zero retardation time.) In section 4 we use energy methods to study the nonlinear (Lyapunov) stability of the basic steady solution of the plane Couette problem, for one dimensional perturbations. In section 5 we relate these results to linear stability analysis by studying the spectral properties of the linearized operator. In the last section we briefly discuss extensions of some of our results to models with several relaxation times and to time dependent shearings. Results related to those of section 2 have been obtained by Kolkka et al. [7] , [8] . We thank Professor B. Plohr who kindly brought these works to our attention (cf. also J. Yerushalmi et ai. [14] ).
We would like to thank J. M. Ghidaglia and C. Jouron for fruitful discussions.
STEADY SOLUTIONS
We review here some facts about steady solutions for the aforementioned flows. In this section, e dénotes the constant 1 -o>, 0 < e <: 1.
Steady solutions for the plane Couette flow
The basic steady solution for the plane Couette flow is given by
which, by (1.13), implies that the total shear stress has the value
We make explicit the dependence of the dimensional shear stress on the
It is readily seen from (2.3) that, if 1/9 <= s < 1, then T* is strictly increasing in 7, while if 0 <= E <: 1/9 then {(y, T*(y)), y > 0} is a S-shaped curve, shown in figure 2.1. Notice that y e ± > l/k, for all e's, 0 < e <: 1/9.
Steady solutions for plane Poiseuille flow
Here ƒ dénotes a (positive) constant pressure gradient driving the flow. From now on we set k 2 
The profiles of the steady Poiseuille flow obtained for 8 = 0 and for e = 1 are shown in figure 2.2. For e > 0, équation (2.7) coincides with équation (2.3), with the following change of notation :
Clearly, for E =* 1/9 équation (2.7) admits a unique solution v x continuous on (-1,1), while for 0 < e <: 1/9 équation (2.7) admits one or three solutions depending on the magnitude of ƒ |JC| , x s (-1, 1).
Stationary solutions of plane Poiseuille flow are described by the following result. PROPOSITION Proof : Equation (2.7) is solved by taking the inverse of the function shown in figure 2.1 (after having made the aforementioned change of notation).
(a) For e = 1, (2.7) gives the Newtonian parabolic steady Poiseuille flow. For 1 => E 2= 1/9, équation (2.7) admits a unique continuous solution v x (x), x e (-1, 1) ; the (unique) steady Poiseuille flow is then obtained by intégration of v x , and is ^°°on (-1, 1), except possibly for s = 1/9, where v xx can be infinité at two points of (-1, 1).
(b) For 0 < e < 1/9, the curve in figure 2.1 is S-shaped. Let fl be the maximal value of ƒ > 0 for which the function ƒ -> v x (l), which is a solution of équation (2.7), is monotonie increasing : vol. 24, n° 3, 1990 (b) Let us choose ƒ such that ƒ :> f c . Then, ƒ ;> / c e if s is small enough, so there exists a continuüm of steady Poiseuille flows which are regular except at the points x E and -x £ . As s -• 0, the solution v E + , which is singular at xl, converges to a function that is infinité at x = 0, which therefore has not been considered in the case e = 0. In the other hand, as e -• 0, the solution v e _ , which is singular at xi, converges on the interval ( --^ , ^--) to the solution obtained for s = 0. Moreover, on the intervals \ \x\ > 5-7^7 f » the profile of the velocity v E _ becomes more and more parallel to the walls at x = ± 1. This phenomenon can be viewed as if those viscoelastic fluids having a weak Newtonian part nearly slip along the walls (cf. W. R. Schowalter [13] ).
(c) Proposition 2.1(6) (ii) gives solutions which are < ë 1 except at two points. Similarly équation (2.7) can be used to produce solutions which are <^1 except at finitely many points.
(d) This phenomenon of steady solutions which are not
c ë l appears here in a model with Newtonian viscosity, contrary to the viscoelastic model studied by J. K. Hunter and M. Slemrod [15] . We do not have a criterion for selecting the physically admissible solutions among this infinity of solutions.
GLOBAL EXISTENCE
In this section, we shall prove a global existence theorem for unsteady plane Poiseuille and plane Couette flows, valid for arbitrary time and data.
Before stating our results, we recall some standard notation. If / is an interval of IR + , L 2 (J) will stand for the space of measurable square integrable functions, equipped with the norm \u\ = l! \u(x)\ 2 dx\' 2 .
The Sobolev space H k (J) is the space of L 2 functions on J having weak derivatives up to order k in L 2 , equipped with the norm
is the space of functions u of t and x such that def (with the usual modification when p = + oo). As seen in section 1, the one-dimensional flow problems that we consider here can be redueed to a System in (v,x, T) which takes the form
where ƒ and g are given and independent of t. For plane Couette flow, we set
for plane Poiseuille flow, we set Moreover, the plane Couette flow problem can be redueed to a System in (u, a, T) involving homogeneous boundary conditions for u by setting u(x,.) = v(x, .)-~x, XE (0,1). This has the effect of introducing affine terms in the a and T équations.
We recall the foliowing local existence resuit, which is a particular case of the genera! results of Theorem 1 in [2J. PROPOSITION where T* > 0 dépends only on the data,
We now state a global existence resuit for the aforementioned System, together with a uniform bound on the solution. Here ƒ is a fixed real number, and e is strictly positive. (ii) Existence. Proof: We first prove the uniqueness result, then the existence resuit together with the uniform bound. (ii) Existence and uniform bounds. We shall first establish some a priori estimâtes satisfied by a smooth solution (f, a, T). Recall that <o = 1 -e.
(a) To start with, we prove that the elastic stress components a and T are bounded in the space L°°(7 x R + ), uniformly for se [0,1]. We multiply équation (3.2) 2 by a --^~ , équation (3.1) 3 by (1 -a 2 ) T, and add the two resulting équations. We obtain vol. 24, a 3, 1990 Taking ( Proof: Again it suffices to dérive the corresponding a priori estimâtes for the local smooth solution given by Proposition 3.1. They are obtained in a fashion similar to the proof of part (ii) in Theorem 3.2. We leave the details to the reader.
Remark 3.4:
Inequality (3.3) provides a uniform bound of the stress components of a purely elastic fluid (E = 0), that is for every (^,/)in/xR + . However, as proved in [11] , there exists, in this case (e = 0), smooth solutions whose spatial gradient develops singularities in finite time.
ENERGY METHODS AND LYAPUNOV STABILITY FOR THE BASIC STEADY COUETTE FLOW
In this section we investigate the Lyapunov stability for arbitrary perturbations (v 9 
\ -a
We thus obtain the uniform bound for <p, We now multiply (4.14) x by Jj-, (4.14) 2 by ^ i-, (4.14) 3 by T, and obtain vol. 24, n° 3, 1990 We take the *-derivative of (4.14) and multiply the resulting system by r s v x i _ a 2 . ~A yy r Y respectively. We obtain We \+k Notice that the special case where £ is equal to -fc 2 is compatible with (4.19) only if k 2 <z 1 : this is the case studied in Theorem4.3. Let us assume k 2 s= 1 and define the quadratic form Q by
ol. 24, n° 3, 1990 Condition (4.6) reads (ii) Let e>l/9. Since max £ fc (g) ^ ^(1) = -^-r, Vfc > 1, there exists g, 0 < € < 1, such that condition (4.20) holds for every fc> 1. This proves the case e > 1/9 of the current theorem.
(iii) Let 0 < E =S 1/9. In order to define the function fcj = ^(e) introduced in the theorem, we first notice that there exists k, \<k<2, such that max where 1 = Çs is in ( -1,0) . The real number k is characterized by the following property : 9 € fc e (-1, 0) ;
Actually, an easy calculation shows that k 2 satisfies k 4 = 1 + J?, and that The function fe 2 = ^(e) is then the inverse function of e x , and therefore is an increasing function from [0, 1/9] onto [1, &] . We clearly havê (E) > A: 0 (s), Vs < 1/9, where k ö has been introduced in (4.4) .
Fix now e in (0, 1/9), and k < k^e). Then condition (4.20) holds for £ = £ k9 where % k (as defined above) is the real number in (-1, 0) where ï k attains its maximum. This complètes the proof of the theorem.
LINEAR STABILITY
It is well known in the case of the Navier-Stokes équations (at least for flows in a bounded domain) that the nonlinear stability can be determined by the analysis of the eigenvalues of the linearized stationary operator [4] , [5] , [10] , [12] . No such result is known in the context of flows of viscoelastic fluids. It is even not clear whether the asymptotic behavior of the linearized équation is governed by the spectrum of the linearized stationary operator.
In this section we shall give a partial answer to these questions in the case of one dimensional shearing motions. A discussion of 2 or 3 dimensional perturbations is postponed to a forthcoming paper. Proof: (i) This is obvious.
(ii) Let us prove first that the numerical range of ££ is included in a To do this, we consider the System, for
We readily obtain the following estimate from (5. Since ((J5? + fx/) £ƒ, t/) ^ 0 for jx large enough, we get (iii) Let X be an eigenvalue of =â?. Then there exists such that
4
We eliminate a in (5. 
Once v is chosen by (5.7), a and T are uniquely determined by solving (5.5) 2 , (5.5) 3 . This gives eigenvalues only of finite multiplicity. Indeed, let x£\ i = 1,2, 3, be the roots of (5.8). The eigenvalue X is not simple precisely when \ = \£> = \jp for n ^ ra and f, ; e {1, 2, 3}. This is only possible for at most a finite number of couples (n,m). (Look at the résultant of the corresponding polynomials in (5.8).) Now we examine the case F (e, We, a, X) = E. This implies X = 0 and F (e, We,a,0) = e, i.e. Thus, for 0 < e =s -and k 2 = K ± , 0 is an eigenvalue of £f with infinité multiplicity, since every v e HQ(I) n H 2 (I) is then a solution of (5.6). Note that this is the only case where 0 is an eigenvalue of ££. We shall prove now that the spectrum of J §? consists only of eigenvalues, i.e. if X e C\2, where 2 = {0} U {X rt , n e M, solution of (5.8) }, then X belongs to the résolvent set of Jgf. Let f,g,hbe arbitrary éléments in L 2 {I). It is sufficient to show that the following system has a unique solution
-(l-a 2 )T,t> x + (^-+ x) a-(l-(5.10)
vol. 24, n° 3, 1990 and that (JS? + X/)" 1 The next lemma states a necessary and sufficient condition for linear stability. This result is essentially contained in [14] but we give a direct proof. Proof: We use the Routh-Hurwitz criterion (cf. [3] ) to locate the solutions of (5.8) : the roots of (5.8) 
.
We shall restrict ourselves to the case r\ s > 0 (non-zero Newtonian contribution). The full équations of motion become (cf, (1.5)), div w =ô r, in nondimensional form The force ƒ is zero in the first case, and equals a positive number in the second case.
Most of the results of the previous sections carry over to the system (6.5), (6.6). For instance, Theorem3.2 holds mutatis mutandis.
The basic steady solution for the plane Couette flow is 
